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The supersymmetric Ruijsenaars-Schneider model
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An integrable supersymmetric generalization of the trigonometric Ruijsenaars-Schneider model is
presented whose symmetry algebra includes the super Poincare´ algebra. Moreover, its Hamiltonian
is showed to be diagonalized by the recently introduced Macdonald superpolynomials. Somewhat
surprizingly, the consistency of the scalar product forces the discreteness of the Hilbert space.
Introduction. In this Letter we resolve a long-standing
problem about the existence of a supersymmetric and
integrable generalization of the quantum version of the
trigonometric Ruijsenaars-Schneider (tRS) model [1, 2].
The tRS model is the relativistic generalization of the
Calogero-Sutherland (CS) model, in which N particles
interact pairwisely on a circle through a long-range po-
tential [3]. “Relativistic” here means that the model con-
tains a parameter playing the role of the speed of light c
and when c→∞ it reduces to the CS model (albeit with
a rescaling of the coupling constant). This interpreta-
tion is further supported by the presence of the Poincare´
algebra in the algebraic structure of the model.
The eigenfunctions for the CS Hamiltonian were found
to be of the form (ground state)×(Jack polynomials) (see
[4] for review). The Jack polynomials (Jacks), fundamen-
tal objects of algebraic combinatorics [5] and representa-
tion theory [6], have found various physical applications
recently: quantum fractional Hall states [7], singular vec-
tors in CFT [8] and AGT-type conjectures [9].
The tRS model is also notorious mainly for the impor-
tance of its eigenfunctions, which take the form (ground
state)×(Macdonald polynomials) [10]. The Macdonald
polynomials (Macs) [5] are natural generalizations of
many basic symmetric functions, including the Jacks.
Like the latter, they are relevant in representation the-
ory [11] and in various physical contexts: q-deformation
of the Virasoro algebra [12], the five-dimensional equiv-
alent of the AGT conjecture [13] and particular solvable
probabilistic problems, the Macdonald processes [14].
The supersymmetric generalization of the CS model
was discovered at the beginning of the 1990s [15]. The
complete understanding of its symmetry algebra and
eigenfunctions appeared a decade later [16]. The eigen-
functions are described by the superspace analogues of
the Jacks, the Jack superpolynomials (sJacks), studied
in depth in [17]. Recently, the sJacks were used in su-
perconformal field theory [18] and were shown to possess
clustering properties similar to those observed for the
quantum fractional Hall states [19].
Finding the supersymmetric extension of the tRS
model has remained an open problem for two decades.
The rational behind its difficulty is that the standard
techniques of supersymmetric quantum mechanics [20]
no longer apply in the relativistic setting.
Here we prove the existence of a generalization of the
tRS model that is both supersymmetric and integrable.
The supersymmetry is explicit since the Hamiltonian and
the total momentum are generated by fermionic charges,
all together forming the N = 1 super Poincare´ algebra.
We moreover show that the eigenfunctions of the super-
symmetric tRS (stRS) model are built in terms of the
Macdonald superpolynomials (sMacs). The latter were
recently introduced as a superspace generalization of the
Macs [21, 22]. Our results thus link the sMacs to a su-
persymmetric many-body problem.
The tRS model. Before constructing the supersym-
metric model, let us recall important features of the tRS
model [2, 23]. The model involves N bosonic particles
interacting on a ring of length L via a (real positive)
coupling constant g. Their dynamics is described by
the rapidity variables ηj and their canonical conjugate
ζj (j = 1, . . . , N). The former are chosen in their differ-
ential representation, ηj = −i~∂/∂ζj, which guarantees
that [ζj , ηk] = i~δjk and the latter are real variables. We
consider all the masses to be identical and equal to 1 and
we set ~ = 1.
The interaction between the particles is induced via the
“potential” functions Vj =
∏
k 6=j h
−(ζjk)
1/2 and Wj =∏
k 6=j h
+(ζjk)
1/2, where ζjk = ζj − ζk and
h±(ζ) =
sin γ2 (ζ ± g/c)
sin γ2 (ζ)
, γ = 2π/L. (1)
The Hamiltonian and total momentum are respectively
HtRS =
1
2
∑
j
(Vjτ
−1
j Wj +WjτjVj)
PtRS =
i
2
∑
j
(Vjτ
−1
j Wj −WjτjVj)
(2)
where τj = exp (iηj/c) is a translation generator, e.g.,
(τ1f)(ζ1, . . . , ζN ) = f(ζ1 + 1/c, ζ2, . . . , ζN ). The Hamil-
tonian in (2) differs from the one presented in [2] by the
substitution c → ic. It is the quantum version of the
IIIb model in [24] (further commented in the Conclusion).
The explicit dependance on c can be absorbed in γ after
the rescaling (ζi, ηi) → (ζi/c, c ηi). We can thus set it
equal to 1 without loss of generality.
Together with the Lorentz boost, B = −∑Ni=1 ζi, the
Hamiltonian and the momentum form the Poincare´ alge-
bra in 1+1 dimensions (with HtRS = H,PtRS = P ):
[H,P ] = 0, [H,B] = iP, [P,B] = −iH. (3)
2From now on, it is convenient to change the variables
and redefine the parameters as follows [23]:
xj = e
iγζj , q = eiγ , t = qg (4)
and adopt the Macdonald’s notation [5]:
Ai(t) =
∏
j 6=i
txi − xj
xi − xj (5)
so that
∏
j 6=i h
±(ζij) = t
∓(N−1)/2Ai(t
±1). The operator
τj now represents the q-shift operator on functions of the
xi, e.g., (τ1f)(x1, . . . , xN ) = f(qx1, x2, . . . , xN ).
Supersymmetric generalization. We now supersym-
metrize the tRS model, proceeding in five steps.
First step. We first add fermonic variables to the tRS
model. To each variable ζj (or equivalently, the xj),
which is a bosonic degree of freedom, we associate a
fermionic partner θj (θjθk = −θkθj , so that θj2 = 0).
Any function Ψ depending upon the bosonic variables
xj and the fermionic variables θj (to be referred to as
a superfunction), and upon the parameters q and t, de-
composes as follows:
Ψ(x, θ; q, t) =
∑
I⊆(1,...,N)
ΨI(x; q, t) θI , (6)
where the sum extends over all sequences of m indices
I = (i1, . . . , im) such that 1 ≤ i1 < . . . < im ≤ N , with
0 ≤ m ≤ N . Moreover, each ΨI is a complex valued
function and θI = θi1 · · · θim . The value of m is called
the fermionic degree.
Second step. We next specify the nature of the Hilbert
space and in particular, its inner product. The states are
superfunctions Ψ = Ψ(x, θ; q, t) that are periodic under
ζi → ζi + L and satisfy
∑
I
∫
T wI ΨI ΨI dX < ∞, where
T = {(x1, . . . , xN ) |xi ∈ C, |xi| = 1, ∀ i} and dX =
dx1/x1 · · · dxN/xN . The “bar” operation stands for the
usual complex conjugation which here means (x, q, t) =
(x−1, q−1, t−1). In addition, a non trivial weight func-
tions is introduced: wI = t
m(N−1)/2
∏
j∈I Aj(1/t), where
m represents the cardinality of I (cf. below Eq. (6)). The
set of all states forms a vector space H that is naturally
equipped with the following scalar product:
〈Ψ|Φ〉 := 1
(2πi)NN !
∑
I
∫
T
wI ΨI(x; q, t)ΦI(x; q, t) dX.
(7)
Note that two states of different fermionic degree are
orthogonal. This scalar product reduces to that of the
sCS (resp. tRS) model in the non-relativistic (resp. non-
supersymmetric) limit. Within the state space H , we fo-
cus on the subspaceH SN formed by all symmetric states,
namely, states that are invariant under any simultaneous
exchange of pairs of partners (ζj , θj)↔ (ζk, θk).
The presence of the weight function wI makes the cal-
culation of the adjoint operators somewhat subtle. For
instance, the adjoint of θi is θ
†
i = t
(N−1)/2Ai(1/t)∂θi .
Thus, the fermionic variables and their adjoints generate
a novel and interesting deformation of the Clifford alge-
bra, {θi, θ†j} = t(N−1)/2Ai(1/t) δij , which reduces to the
usual one as c → ∞ (i.e., t → 1). As a second example,
consider the adjoint of the operator τ−1i , which requires
the introduction of a projection operator,
πI =
∏
i∈I
θi∂θi
∏
j /∈I
(1−θj∂θj ) ⇒ πI(θJ) = θIδIJ . (8)
One finds that (τ−1i )
† =
∑
I⊆(1,...,N)w
−1
I τi wI πI , where
w−1I τi wI = Z(I,i)
[∏
j 6=i
(xi−xj)(qxi−txj)
(xi−txj)(qxi−xj)
]χ(i∈I)
τi (9)
with χ(·) = 1 if its argument is true and 0 otherwise, and
Z(I,i) =
∏
j∈I,j 6=i
(qtxi−xj)(xi−xj)
(qxi−xj)(txi−xj)
. (10)
In absence of fermions, wI = 1 and (τ
−1
i )
† = τi.
A key point that has not been addressed so far is the
positivity of wI when q and t lies on the unit circle. This
discussion is postponed until we complete the formulation
of the model.
Third step. We introduce the supersymmetry charge of
the stRS model:
Q− = i
∑
i
θi(ai − 1) , ai = V −1i τ−1i Wi . (11)
Its adjoint with respect to the scalar product is
Q†− = −i
∑
i
(a†i − 1)θ†i , a†i =Wi(τ−1i )†V −1i . (12)
These charges are fermionic. Moreover, one easily checks
that [ai, aj ] = 0. This readily implies that Q
2
− = 0, which
in turn implies that (Q†−)
2 = 0.
The states annihilated by Q− are called super-
symmetric. For instance, any state of the form
θ1 · · · θNΦ(1,...,N)(x; q, t) is supersymmetric. Most impor-
tantly, the ground state ψ0 of the non-supersymmetric
tRS model is also supersymmetric. This can be under-
stood as follows. One can show that the ground state
wave function is given by ψ0 = (C0∆N )
1/2, where
∆N =
N∏
i6=j
(xi/xj ; q)∞
(txi/xj ; q)∞
(13)
with (a; q)n =
∏n−1
i=0 (1 − aqi). Since aiψ0 = ψ0 for all i,
one gets that Q−(ψ0) = 0, while Q
†
−ψ0 = 0 immediately
follows from the definition.
Equation (13) is problematic in view of the definition
of our parameters q and t (cf. eq. (4)). Indeed, |q| = 1
and this makes the infinite products of the form (p; q)∞
with |p| = 1 diverge. This issue is ignored for the moment
and is reconsidered below in the light of the consequences
of imposing the positivity of wI .
3The two charges Q− and Q
†
− allow us to define the
Hamiltonian of the stRS model:
H = 12{Q−, Q†−}+ ε+ (14)
where ε+ = −
∑N
i=1 cos[γg(2i−N − 1)/2] is a constant
introduced for later convenience. By construction, the
Hamiltonian is self-adjoint, its spectrum is bounded from
below by ε+, and it is supersymmetric: [H,Q−] =
[H,Q†−] = 0 . Moreover, H generalizes both the Hamil-
tonian of the tRS and the sCS models. Indeed, one can
check that HΨ = HtRSΨ whenever Ψ does not depend on
fermionic variables θi. Moerover, up to a normalization
factor, limt→1H is given by (β = g
−1)
−1
2
N∑
i=1
(
∂
∂ζi
)2
+
∑
1≤i<j≤N
β[β − 1 + (θi − θj)(∂θi − ∂θi)]
(2/γ)
2
sin2(γζij/2)
,
which is precisely the sCS model’s Hamiltonian [15, 16].
Fourth step. We introduce another charge: Q+ =∑
i θi(ai + 1). This allows us to define the momentum
operator:
P = 12{Q−, Q†+}+ ε−, (15)
where ε− =
∑N
i=1 sin[γg(2i−N − 1)/2]. In addition to
[H,P ] = 0, we have:
−1
2 {Q+, Q†+} = H + ε+, 12{Q+, Q†−} = P + ε−,
{Q±, Q∓} = {Q†±, Q†∓} = 0.
[Q±, H ] = [Q
†
±, H ] = [Q±, P ] = [Q
†
±, P ] = 0.
(16)
Fifth step. Here we build the full supersymmetry algebra.
By setting
Q1 = 12 (Q− +Q†−), Q2 = −12 (Q+ +Q†+),
B = B + 12
∑
j θj∂θj ,
(17)
(note that these operators are self-adjoint), we find
{Qa,Qb} = σabH + (δab − 1)P − δab ε+,
[Qa,B] = 12i ǫabQb, [Qa, H ] = [Qa, P ] = 0,
[H,P ] = 0, [H,B] = iP, [P,B] = −iH,
(18)
where a, b ∈ {1, 2}, ǫab is the Levi-Civita symbol, and
σ = diag(1,−1). Eq. (18) is the N = 1 super Poincare´
algebra in 1+1 dimensions (see for instance [25] and ref-
erences therein).
Macdonald superpolynomials. We now solve explic-
itly the supersymmetric model just constructed. We con-
centrate on the space H SN of symmetric states and de-
compose each symmetric H- and P -eigenstate as ψ0× f ,
for some symmetric superfunction f = f(x, θ; q, t).
Let us characterize f . For this, we first write the
Hamiltonian in (14) and the momentum in (15) as
H = 12 (H−1 +H1), P =
1
2 (H−1 −H1), (19)
and factor out the ground-state contribution from H±1,
H±1 = t
∓N(N−1)/2∆
1/2
N D±1∆
−1/2
N . (20)
Thus, ψ0 × f is an eigenfunction commun to H and
P if and only if f is an eigenfunction commun to D−1
and D+1. The latter are obviously supersymmetric since
D±1 = {Qˆ2±1, Qˆ3±1}, where
Qˆ1 =
∑
i θiτ
−1
i , Qˆ2 =
∑
iAi(1/t)∂θi ,
Qˆ3 =
∑
I,iAi(t)Z(I,i) τi πI∂θi , Qˆ4 =
∑
i θi.
(21)
One can show that the symmetric eigenfunctions of D±1
are of the form
∑
I θIfI , where each fI is a Laurent poly-
nomial in the variables xi with coefficients that are ra-
tional in q, t. However, whenever g is an eigenfunction
of D±1, then so is (x1 · · ·xN )kg for any integer k. Thus,
the only relevant eigenfunctions are those that are poly-
nomial (not Laurent-type) in xi and θi. Such eigenfunc-
tions for D±1 were recently introduced [21, 22]; they are
the Macdonald superpolynomials, sMacs for short.
Like any symmetric superpolynomial, the sMacs are
labelled by superpartitions. A superpartition, denoted Λ,
is a pair of partitions Λ = (λ;µ) such that λ is a strictly
decreasing partition and µ is a (regular) non-increasing
partition. A superpartition is said to be of degree (n|m)
if n = |λ|+ |µ| and λ has exactly m parts (counting one
possible part equal to 0).
The sMacs, denoted PΛ = PΛ(x, θ; q, t), for superpar-
titions of degree (n|m) form a basis for the space of all
symmetric superpolynomials of homogeneous degree n in
the variables x and fermionic degree m and with ratio-
nal coefficients in q, t (considered as independent param-
eters). They are orthogonal w.r.t.
〈f |g〉′ :=
∑
I
∫
T
ψ20 wI fI(x; q, t)gI(x; q, t) dX. (22)
Note that this scalar product can be rewritten as 〈f |g〉′ =∫
T
ψ20 f(x, θ; q, t)g(x, θ; q, t)dX , where it is understood
that θ¯i = θ
†
i and that θ
†
i is acting on gI .
As mentioned above, the PΛ’s are the symmetric eigen-
functions of D±1. More generally, D±1(x1 · · ·xN )kPΛ is
equal to ǫΛ∗+κ(q
±1, t±1)(x1 · · ·xN )kPΛ, where Λ∗ is the
partition obtained from the superpartition Λ = (λ;µ)
by removing the semi-colon and reordering the parts,
ǫΛ∗(q, t) =
∑
i q
Λ∗i tN−i, k ∈ Z, and κ is the N -vector
with all components equal to k. Thus, the set of all the
states ΨΛ,k, such that ΨΛ,k = (x1 · · ·xN )kψ0PΛ, diago-
nalizes the Hamiltonian H and momentum P . An or-
thogonal basis for H SN is then easily formed by making
use of 〈ΨΛ,k|ΨΩ,ℓ〉 = 〈PΛ|PΩ×〉′ ∝ δΛΩ× for k ≤ ℓ, where
Ω× is the superpartition obtained by replacing each ele-
ment Ωi of Ω by Ωi − k + ℓ.
Integrability of the stRS model. The proof of inte-
grability relies on the construction of the sMacs in terms
4of the non-symmetric Macs [22], themselves eigenfunc-
tions of the Cherednik operators. These operators are
constructed out of the Hecke algebra generators
Ti = t+
txi − xi+1
xi − xi+1 (si − 1), i = 1, . . . , N − 1, (23)
where the si are the elementary transpositions such that
xi ↔ xi+1. The inverse of Ti reads T−1i = t−1−1+t−1Ti.
The Cherednik operators are [26]
Yi = t
−N+iTi · · ·TN−1ωT−11 · · ·T−1i−1, (24)
for i = 1, . . . , N and ω = sN−1 · · · s1τ1. Importantly,
these operators satisfy [Yi, Yj ] = 0 for all i, j. Now, let
Γ(u; v) =
m∏
i=1
(1 + uvYi)
N∏
i=m+1
(1 + uYi),
G(u; v) =
∑
σ∈SN
σ
(
α1
αt
Γ(u; v)
αt
α1
π(1,...,m)
)
,
(25)
where αt =
∏m
i<j(txi − xj) and the permutation σ ∈
SN is such that (xi, θi) 7→ (xσ(i), θσ(i)). In [22], it
was showed that the generating functions G(u; 1) =∑N
n=1 u
nDn and G(u; q) =
∑N
n=1 u
nIn contain 2N inde-
pendent commuting quantities whose common eigenfunc-
tions are the sMacs of fermionic degree m. The commu-
tativity [Di, Dj ] = [Ii, Ij ] = [Di, Ii] = 0 follows from that
of the Cherednik operators. Let us define the operators
Dn and In with n ≤ −1 by replacing Yi by their inverse
in G(u; v) (the resulting 2N new operators of course are
not independent conserved quantities). Since the stRS
Hamiltonian is a combination of the Di’s, it follows that
[H,Di] = [H, Ii] = 0 and the integrability of the stRS
models is proved, at least in the subspace H SN . The
extension of this conclusion to the full space H relies on
the generalization of the argument of [10, App. C].
Summing up: main results. We have thus suc-
ceeded in formulating a supersymmetric version of the
tRS model that displays both integrability and super-
Poincare´ invariance. In addition, the model eigenfunc-
tions have been shown to be the ground state times the
recently-found Macdonald superpolynomials.
Back to the scalar product. In that regard, that the
parameters q and t lie on the unit circle becomes quite
natural. Indeed, the integral version of the sMacs scalar
product involves a term evaluated at q, t and the other at
1/q, 1/t [22]. Rephrased as a quantum mechanical scalar
product (
∫
ψ∗ψ), the origin of this inversion must be
rooted in complex conjugation, which forces |q| = |t| = 1.
This motivated our initial choice for taking the parameter
c to be purely imaginary. However, some results appear
to be well-defined only when q, t are real and < 1. This is
true, in particular, for the convergence of the expression
for the ground-state wave function
√
∆N and the pos-
itivity requirement on the scalar product which forces
wI ≥ 0.
Now, when |q| = |t| = 1, the positivity of wI is no
longer automatic. In terms of the original variables ζj ,
wI =
∏
j∈I
∏
k 6=j
sin γ2 (ζjk − g)
sin γ2 (ζjk)
. (26)
If we order the particles such that ζj > ζk if j > k, it is
not difficult to see that wI ≥ 0 requires
g ≤ ζjk ≤ 2π
γ
− g. (27)
Here j, k ∈ I but since we eventually sum over all sec-
tors I, the above condition must hold for all j, k (more
precisely, with the ordering specified below in eq. (28)).
Quite amazingly, this is the precise condition required for
the classical model to be well-defined [27]. We stress that
it arises here from the consistency of the scalar product in
the fermionic sector, a purely supersymmetric feature.
In the quantum case, the different states are related by
the action of τi which shifts the value of ζi by 1. The par-
ticle configurations are then in correspondence with the
points of a finite lattice. Like for the non-supersymmetric
case, where the lattice points are delimited by an inte-
gral affine alcove [27], the lattice points for which the sRS
model is defined are described by restricted superparti-
tions Λ corresponding to the specialization:
ζσ−1(j) = −Λ∗j + (j − 1)g, (28)
where σ is the smallest permutation defined by
σ(Λa,Λs) = Λ∗, the partition obtained by ordering all
parts of Λ. In particular, the constraints on ζN1 imply
the following restriction on the superpartitions
Λ∗1 − Λ∗N ≤M, (29)
where M is an integer defined as
M =
2π
γ
−Ng ⇒ qM tN = 1. (30)
In this context, the scalar product is transformed
into a finite-dimensional discrete orthogonality relation
with a weight that includes a regularized version of the
ground-state wave function
√
∆N . The eigenfunctions
of the model are still the Macdonald superpolynomials
– thanks to a remarkable symmetry property – but now
corresponding to a finite set of partitions in one-to-one
correspondence with the lattice points. The bottom line
of this truncation procedure is the finiteness Hilbert
space. The details of this construction will be presented
elsewhere.
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